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Let X be a locally finite, connected, 
growth if and only if X is a strip. 
infinite, transitive graph. We show that X has linear 
X(V, E) denotes a graph with vertex-set V(X) and edge-set E(X). Graphs 
considered in this paper contain neither loops nor mu!tiple dges, 
AUT(X) denotes the automorphism group of X. We say a subgroup G of 
AUT(X) acts transitively on X if there is an Q! E G to every x, y E V(X) such that 
a(x) = y. 
Two one-way infinite paths P and Q are equivalent in X, in symbols P hX 
there is a third path R which meets both of them infinitely often. The equivalence 
classes with respect o -x are called ends ([5], p. 127). n(E) denotes the maximal 
number of disjoint one-way infinite paths of an end E E E(X), where E(X) is the 
set of ends of X. It has been shown by Halin [3,4] that this number always exists. 
AutomoThisms not stabilizing any finite, nonempty subgraph are called 
automorphisms of type 2 by Halin [2; p. 2511. To every automorphism (Yof type 2 
there exists an a-invariant two-sided infinite path P ]2; Th. 7j. (A 
infinite path will be called a 2-path.) Since cy is of type 2 its action on 
translation. Let v be a vertex of P and P’ the one-sided infinite subpath of 
containing 21, cyu, a%, . . . , etc. Then the end containing P’ is called 
the direction of cy. 
The boundary aC of C c V(X) is the set of v 
adjacent o vertices of C. A connected grap 
connected set C c V(X) and an automorphis 
00, cu(C U K) s C and C\a(C) is finite. 
e shall later see that locally 
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from x to y. By T,(A), m 2 0, we denote the set of all vertices y E V(X) of 
distance m from x. Further H,(X) = UO F(X). 
Let v be a fixed vertex in a connected graph X. If H,(U) is bounded by a linear 
function in m we say X has linear growth. It is easy to see that the definition is 
independent of the choice of V, even if X is not transitive. 
In Proposition 2.1 we prove that a graph X cannot have linear growth if n(E) is 
infinite for some E E E(X). ‘Ihen we show that there exist no transitive graphs X 
of linear growth with only one end. Finally, we prove that a trans&e graph X 
with more than two ends has nonlinear growth. Hence, a transitive graph X 
cannot have linear growth unless I&(X)1 = 2 and n(& j < 00 for E e E(X). By two 
results of Jung and Watkins [6], which we shall invoke, this implies that a 
transitive graph X has linear growth if and only if X is a strip. 
There is a connection of these results with the characterization f groups with 
two ends. Stallings [S] showed that a finitely generated group G has two ends if 
and only if it has a finite normal subgroup N such that G/N is isomorphic to Z or 
to the free product & * &. The Cayley-graphs of these groups also have two ends 
and therefore linear growth. 
On the other hand, every graph X admitting a regular transitive group of 
automorphisms is the Cayley-graph of some group G. Staliings’ results imply that 
X has linear growth if and only if it has two ends. 
One can therefore consider the results of this paper as a generalization to 
transitive graphs not admitting a regular group of automorphisms. Interestingly 
the proofs are entirely different from those in the reguJ3r case. 
It should be noted that there are strips admitting finitely generated, transitive 
groups of automorphisms of nonlinear growth. For example consider the strip X 
which is the lexicographic product of a 2-path with a single edge (.v, w). Then the 
group G which is generated by some automorphism cy of type 2 and an 
automorphism /? which permutes the vertices of one of the copies of (v, w) in X 
and fixes all other vertices has the desired properties. 
First we show that a graph X cannot have linear growth unless n(E) is finite for 
all ends E of X. 
. Let X be Q connected, locally finite graph and let E E E(X) with 
n(E) = w Then X cannot have linear growth. 
be a family of infinitely mL__$ %“” &i&t \qflc* w3v infinit!- 
st be a subtree T of . 
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Since X is locally finite, so is T. oenig’s mma (see [7], p. 81) Tcontains 
a one-way infinite path P. If this path does not meet infinitely many Bi it must 
have infinitely many points of degree at least three in T. v be such a point. 
Then at least one Bi can be reached from ?.I on a path S We can choose S 
such that it meets Bi in a single point, say w. Let 8 be the one-way infinite 
subpath of Bi beginning at W. Replacing Bi by S U 4 we can thus assume that Bi 
already begins at P. 
Repeating this procedure we obtain infinitely many Bi whose origin, say bi, is at 
P. Renumbering them, if necessary, these paths will be 4, BI, . . . and there wil 
be no bj between bi and bi+l on P. LRt di be the distance between bi and bi+l 
on P. 
Then we can reach at least 
vertices within distance dI + d2 + l l l + d,,,+ from bO. If X has linear growth, then 
m m 
Cd i i-1 s c c di-1 
i=2 i=2 
for some integer c and all tit E f+J. but this implies 
2 (i - c)di_l GO 
i=2 
for all 111 E N, which is impossible as all di are positive. Hence X cannot have 
linear growth. 0 
Pro@?%~n 2.2. There is no connected, locally finite, transitive graph X of linear 
growth with only one end= 
Proof. Choose a vertex x E V(X). The sets T,(x), T,(x), q(g), . . , satisfy the 
assumptions of K6nig’s Lemma (see [7], p. 81). Therefore X contains an infkite 
path P = (b,, bI, b2, . . .) where bi E T&). Consider a vertex bk E Z? Then the 
vertices bO, bZk have distance k from bk. Since X is transitive there is an 
automorphism Q! such that a(bk) = bO =x. Then cr(bO) = s: E T&) and a(bak) = 
s; E Tk(x). 
As d(b,,, b2k) = 2k we have thus found a pair of vertices of Tk(:c), na 
and s& such that d(s:, st) = 2k. 
Obviously X\ Tk(x) is disconnecte 
since X hss only one end. Let T;(x) deno 
which are adjacent to vertices of Ck. Now w 
for aii vertices which are in finite c 
transitivity, there is a /3 E AUT(X) sue 
(k!P) E 
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2~ in G(X). Let PI and P2 be shortest paths fro f:, and t”p to x, respectively. Let 
these paths meet T;(x) in t: and t vertices have distance 2k since 
PI U Pz is a shortest path from ti to c. 
Since Ck is connected there is a path & c Ck 1-J {t:, & from t: to ti. Clearly the 
length of & is greater than or equal to 2k. 
As k ~a.8 &ssen arbitrarily these considerations hold for all k > 0. Then, as 
ly one infinite connected compontnt CP c X\T,(x) for each p >O, 
we can determine an infinite sequence p. = 0, pl, p2, p3, . . . of integers uch that: 
(a) For each pi, i 2 1, there is at least one pair of vertices uf, uf E Tii(x) 61 cpi_, 
with d(u:, u:) = 2pi. 
(b) r each pair of vertices ut, UT E TLi(x) which satisfies (a) there is at least 
one path Bi such that 
Bi r7 T,-,(X) = @ 
and 
& n Tp,+,(x) = fl* 
NOW we choose an arbitrary pi, i 2 2, and consider vertices ui, ~3 E Tii(x) with 
d(ui, u:) = 2pi. Let Pf and Pf be shortest paths from ui and UT to x, respectively. 
and let them meet Tpi,(x) in U& and u&, where 16 j G i - 1. Further, let Bi_j be 
chosen to Ui-j and U& according to (b) (Fig. 1). 
Since Pf U P? is a shortest path between U! and UT we have 
d(&, L’]) =pi + pi_1. 
Then, since d(uf_,, ur) =pi -pi-l, there is a vertex hi-1 E Bi_1 such that 
d(bi-1, U!) =pia 
Fig. 1. 
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Repedting this procedure we obtai 
a11 6j<L 
Since we assumed to have linear 
ITk(x)l G c holds 
larger than c an 
vertices bi-j for all j, 1 s j G i - 1. Si 
vertices X, bi-1, bi-2,. . . ,bl are p 
contradiction to the linear growth of X. 
-1 E d(bj-1, ui) =pj for 
there is an integer c s at 
e iudex i chosen above is 
different and IT,(ui)la i > c in 
The next lemma is due to Babai and 
Lemma 2*3 Lef X 3e CL connected, lo 
AUT(X) with only finitely many orbits. 
an infinite component of X\T. Then the 
such that a(S) c V(C). 
ite graph and a subgroup of 
r, let T c V(X) be ,rinite and C be 
an cy in G to every finite S c 
An end E E E(X) is called free if it ca separated from all other ends by a 
finite T c X. 
Lema 2.4. Let X be a connected, loca mite, transitive graph with more than 
two ends. Then X has no free end. 
Proof. Suppose there is a free end E. en, by definition, there is a finite 
T c V(X) such that a component CE of X\ T contain:, the irrfinite paths of E, but 
does not contain the infinite paths of any other end. Since l&(X)1 > 2 we can 
choose T such that X\ T has at least three infirLte components. As X 3s transitive 
Lemma 2.3 appllzs and we can find an cy E Am(X) such that o(T) c CE. 
CE \ cu( T) has at least two infinite components which contradicts our assumption 
that E was separated from all other ends by T. 0 
Let Y c X and let P and Q be infinite paths of Y. If P -x 
P -y Q th.en every end of Y corresponds to an end in 
end-preserving subgraph X, although X may have more e 
following result is due to 
5. If X has no free end then E(X) = 
raph homeomorphic to th 
E(X) has at least the cardinal@ of the co 
e growth function 
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By Proposition 2.5 X contains a binary tree B and thus there is an fV such that 
]c(v)] > c for n > ZV, contrary to f(n) s cFt + d. 
Actually it is not hard to show that such a graph has exponential growth. 
In ordc to prove our main theorem we need two more results of Jung and 
Watkins [6]. 
Let X be a connected, infinite, transitive graph with K,(X) e 00. If 
X\S has at most wo infinite components for any finite S c V(X), then X is a strip. 
a 2.7. A strip X has dimension 1which means that there are aI ,, a2 E R such 
that 
a$ G IHk(x)l 6 a2k 
for all x E V(X) and all k E N. 
Lemma 2.7 is a part of a remark in [619 p. 158. 
eorern 2.8. Let X be a locally finite, connected, transitive, infinite graph. Then 
X has linear growth if and only if X is a strip. 
If I&(X)1 = 1 then X has nonlinear growth bv Proposition 2.2. If I&(X)] = 2 
then X is a strip by Lemma 2.6 and hence hi, linear growth by Lemma 
2.7. Finally, as we mentioned above, X cannot have linear growth if I&(X)] > 
2. 0 
We conclude with a few remarks about he definition of strips. 
A locally finite graph is a strip if and only it has exactly two ends 
and at least one automorphism of type 2. 
If X is a strip it is an immediate consequence of the definition that it has 
exactly two ends (see also [6], p. 154). ence K,(X) < 00 and the automorphism QI
which satisfies the condition cu(C U d s C, for some connected set C, clearly 
has infinite order. l’hen [6], Theorem 5.6 implies that cy is of type 2. 
e other hand, let X be a graph with exactly two ends and an 
K~(X) is finite there is a subset T of V(X) such 
and C2. clearly 3Ci E T for 
e.g. the end whose infinite 
lies that a”( 
a”(C) must 
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For a characterization of transitive, locally finite strips we shall invoke the 
following result of alin ([2], Theorem 9e): 
Let cy be an automorphism of type 2 of the locally finite connected 
graph X where n(D(cu)) =m ~00. Then we can find cu-invariant 2-paths 
PO, ’ l . , P,-1 in X, an integer n > 0 and a finite subgraph T such that the following 
statements hold: 
(i) ti(Q=PifOri=O, 1,. . . ,Wa-1, 
(ii) Tseparates D(a) and D(6), 
(iii) T consists of m vertices, hence meets each Pi in exactly one vertex tie 
3.3. A transitive, locally finite strip X is spanned by _finitely many 
disjoint 2-paths. TO these paths there exists an a! E AuT(X) of infinite order 
leaving these paths invariant. 
Proof. By Proposition 3.1 AUT(X) contains an Q! of type 2. Since X is a strip it 
has exactly two ends which are the directions of cb! and Q-? As m(D(tx)) = 
m(D(a?)) = m C 00 we can apply Theorem 3.2. 
Let PO, PI, . . . , Pm-1 denote the a-invariant 2-paths of X and let T be the 
subgraph guaranteed by Theorem 3.2. Obviously, the image of T under an 
arbitrary /3 E AUT(X) also separates the two ends of X, hence meets each pi in 
exactly one point. As X is transitive this implies that X cannot contain any 
vertices but those of the Pi, for otherwise there would exist a y(T) which does not 
meet every 4. Hence the 8 span X. 0 
Note a&d ti proofi We should like to point out that Trofimov [9] has recently 
characterized vertex-transitive locally finite connected graphs of polynomial 
growth. His result is based on Gromov’s characterization f groups of polynomial 
growth. Together with the characterization of groups of linear growth due to 
Preudenthal (see [8]) these results allow a different proof of Proposition 2.2. 
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